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I. INTRODUCTION 

Consider a quantum state \^) of two parties, Alice and 
Bob, written as the superposition of two terms 

|*>-a|0)+/3|^) (1) 

with jap + = 1. We are interested in the relation 
between the entanglement of \^) and that of \(j>) and \tf). 
This problem was recently addressed by Linden, Popescu, 
and Smolin in Ref . [ij , where an upper bound on the en- 
tanglement of 1 5*) was derived using the entanglement 
of formation Ef{^) as a measure of entanglement, i.e., 
the von Neumann entropy of the reduced state of either 
party. When Alice and Bob hold 2-dimensional quantum 
systems (qubits), the entanglement of formation i?t(^) 
completely characterizes the entanglement of the pure 
state l^*). However, for higher-dimensional systems (and 
in the case of a finite number of copies), the measure of 
entanglement is not unique, and Ef{^) alone is not suf- 
ficient to completely describe the entanglement of a bi- 
partite pure state. With a pair of 3-dimensional systems, 
for example, one can find states that have the same value 
of £'f(^) but different Schmidt numbers, hence cannot 
be transformed to each other by Local Operations and 
Classical Communications 0]. Although the two states 
have the same amount of entanglement, as measured by 
the number of singlet states needed (asymptotically) to 
prepare them, the nature of this entanglement is quite 
different. Indeed, one can argue that for a pair of d- 
dimensional systems, the structure of entanglement de- 
pends on d — 1 independent Schmidt coefficients, hence 
a complete description would require d — \ independent 
measures of entanglement Q. 

In this paper, we pursue the study of the entanglement 
of quantum superpositions based on another measure of 
entanglement than i?f (5*). This study is thus particularly 
interesting in dimensions higher than 2. In Ref. an 
exact solution to this problem was derived in the special 
case where the two component states are biorthogonal. 
In this scenario, one may ask whether such an exact solu- 
tion can also be obtained with other measures of entan- 
glement. In addition, in the cases where the component 



states are orthogonal (but not biorthogonal) or even ar- 
bitrary, can we derive new upper bounds, as was done 
for i?f(^') in [1], but also lower bounds? These questions 
are of great importance since a good characterization of 
the entanglement of a superposition clearly requires both 
the knowledge of upper and lower bounds. Furthermore, 
one would like to know whether one can extract a com- 
mon structure for the bounds based on different measures 
of entanglement as this would highlight the mechanism 
underlying the entanglement of superpositions, hence im- 
prove our understanding of entanglement itself. 

In what follows, we shall address these various issues 
based on another widely used measure of entanglement, 
the so-called concurrence [4|. For 2-level systems, which 
are studied in Section II, this quantity is in one-to-one 
correspondence with Ef{'^) so that our results can be di- 
rectly compared to those of Ref. [l|. We shall see that 
our derived upper bound is generally tighter than that of 
Ref. [l|, while it can also be supplemented with a lower 
bound so that we get strong constraints on the allowed 
values for the entanglement of superpositions. In Section 
III, we shall generalize our analysis to the case of a pair of 
d-level systems with any d, and derive simple upper and 
lower bounds for arbitrary states. The special cases of 
biorthogonal and orthogonal component states will also 
be treated, and an exact solution will again be given in 
the former case. As emphasized above, the derived up- 
per and lower bounds yield news constraints to the en- 
tanglement of superpositions in d dimensions, which are 
complementary to those of Ref. [l| . 

Very recently, the problem of finding bounds on the 
concurrence of superpositions has also been addressed in 
Ref. Since it is based on matrix notations for pure 
states, this approach gives, however, quite complicated 
bounds, which, in addition, assume the prior knowledge 
of parameters such as the rank of the superposition state 
or the largest eigenvalues of the component states. The 
usefulness of such bounds is then very questionable as it 
may become equally simple to compute directly the en- 
tanglement of the superposition state |^) itself. To be 
sensible, the bounds should only depend on the entan- 
glement of the component states \(t>) and \lp) as well as 



2 



on simple parameters such as the coefBcients a and (3 or 
the scalar product {4>\(p) between the component states. 

II. SUPERPOSITION OF BIPARTITE PURE 
STATES IN DIMENSION TWO 

Let us first consider the simplest scenario of Alice and 
Bob both having a qubit as it will help us gain some useful 
intuition. For qubits, the definition of the concurrence 
makes use of the spin flip transformation S acting on a 
single qubit, 

\^j)=S{m=ayK{m=ay\r) (2) 

where K denotes the complex conjugation, that is, 
is the complex conjugate of \tp) when it is expressed in 
the eigenbasis of cr^. Here, denote the Pauli matrices. 
With this notation, the concurrence reads Q 

C{^) = mn = m'^y®'^y\^*)\ (3) 

and it corresponds, physically, to the overlap between the 
state and its image under a spin-flip of both qubits. Note 
that the spin-flip of both qubits can also be interpreted as 
complex conjugation in the so-called "magic" basis intro- 
duced in Ref. [4]. For two-level systems, the concurrence 
has the interesting property of being directly related to 
the entanglement of formation through 

^„*,.„(l±v^iZ^) ,4, 

where h{x) is the binary entropy function |^]. This simple 
formula will make it possible to connect our results to 
those of Ref. [J. 

Introducing relation ([T]) in definition we can write 
the concurrence of the superposition as 

= \{a*)'{c^\cTy ® ayir) + iPn'i'fiWy ® <Jy\ip*) 
+ {a*P*){{(j)\<Ty (g) ay\ip*) + {ip\ay (g) crj0*))| (5) 

A. Orthogonal states 

First we note that when and \ip) are biorthog- 
onal, the problem boils down to the trivial solution 
C(5') — 2 1 a/3 1 . The easiest interesting scenario is when 
the two component states are orthogonal (but not nec- 
essarily biorthogonal) , that is, {(plif) — 0. This condi- 
tion implies that we can construct an orthonormal basis 
110), \(p), Ifi), 1^2)} such that the coefficients of any nor- 
malized state in this basis will sum to one, i.e., Vj?/'), 

|(0|^)p + |(^|^)p + |(ei|^)P + |(6IV'>P = i (6) 

This is true in particular for the two spin-flipped states 
1^) = ay ® (Ty|0*) and |<^) = Oy ® tTj,|</3*), hence 

May®ay\4>*)\ < V^~CW) 
May®ay\^*)\<V^-CH^) (7) 



In addition, since ayK = —Kay, one can easily check 
that both left-hand sides of ([7]) are equal. We thus derive 
the useful relation 

May<g>ay\^*)\ - May ® ay\<l>*)\ < Vl-S^ (8) 

where S — max(C(0), C(iy9)). 

Proposition 1: Upper bound. Let Alice and Bob 
have a qubit, and let {(j)) and \ip) be orthogonal, the con- 
currence of the superposition = a\(t>) + P\(p), with 
|ap + |/3p = 1 satisfies 

C{^) < |a|2C(0) + m^Ci^) + 2\af3\Vl-S^ (9) 
where S = ma.x{C {4>) , C {(p)) . 

Proof. Successive application of the triangle inequality 
(TI) \x + y\ < \x\ + \y\ to equation followed by the 
introduction of relation ([8|) together with the definition 
of the concurrence of \<j>) and \(p) directly leads to the 
upper bound ©. □ 

Proposition 2: Lower bound. Under the same con- 
ditions and with the same definition otS, the concurrence 
of the superposition satisfies 

> \\a\'C{^) ~ m'C{ip)\ ~ 2\aP\Vl-S^ (10) 

Proof. This time, we make use of the inverse triangle 
inequality (ITI) |a;-|-y| > — |y||. First, we apply it to 
([5]) and separate between the first two and the last two 
terms of the right-hand side. Next, we remember that 
the absolute difference of two positive terms is always 
greater than their difference, i.e. ||a;| — \y\\ > \x\ — \y\. 
We can then express our bound by applying ITI again 
to the first of these positive terms, and TI to the second. 
Finally, we inject relation ([8]) and the definition of the 
concurrence of \(f>) and \ip) into this last expression to 
obtain the lower bound pH)) . □ 

Let us comment on our results until now. First, this 
approach based on the concurrence is fruitful in the sense 
that, for two-dimensional systems, it makes it possible to 
derive both an upper and a lower bound on the entan- 
glement of a superposition. Second, these bounds can be 
saturated. Consider, for example, the states 

1*1) =ai|$+) +/3i|01) 

1*2) -a2|$+) +/?2|$") (11) 

with a^ and A real, and |<I>±) = l/\/2(|00) ± |11)). One 
can easily check that C(^'i) exactly saturates the up- 
per bound ([9]), while €{'^2) exactly saturates the lower 
bound (fTU]) . Finally, when translated to a bound on 
the entanglement of formation via relation ([?]), our up- 
per bound ^ typically gives stronger constraints than 
those derived in Ref. [Ij. This is illustrated in Fig. [1] 
for two orthogonal randomly generated states |0) = 
-0.264|00) -I- 0.528|01) -I- 0.487|10) - 0.643|11) and \(p) = 
-0.034|00) -I- 0.675|01) - 0.734|10) -I- 0.010|11). 
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FIG. 1: Entanglement of formation of |^') = a\(f>) + /3|</5), 
with \(j>) and \ip) being two random orthogonal states defined 
in the text. The dotted line is the exact value of _E/(>I'), while 
the two solid lines correspond to the upper and lower bounds 
derived from relation (|9]) and (|10p . The dashed line is the 
upper bound of Ref. [H. 

B. Arbitrary states 

When the two component states are not orthogonal, 
the superposition ([1]) is not normalized. We can never- 
theless derive bounds on the concurrence of the normal- 
ized version of this superposition, i.e., I^*') = , 
using the same method as before. Note that relation 
([8|) does not hold anymore. However, we can always in- 
troduce an orthonormal basis, say {\(f)), |^2), Ifs)}, 
such that {<p\£,2) = ((plCa) = 0. Again, the coefficients 
of any normalized state expressed in this basis will sum 
to one. After some straightforward calculations, we find 
that the resulting expressions for the two spin-flipped 
states = Uy ® cfy\(j)*) and = Oy® o-j,|(/3*) are 

May ® a, 10*) I < ^1-{C{^)-M^W 

moy®ay\^*)\<^\-(C{^)-mvW (12) 

Noting again that the two left-hand side terms are equal, 
we have 

McTy®ay\^*)\ = May®ay\^*)\ < Vl-S^ (13) 
with S = max (|C(0) - |(0|(^)||, |C(^) - |(0|(^)||). 

Proposition 3: Arbitrary states. When \cf)) and 
\ip) are arbitrary normalized states, the concurrence of 
the normalized version of the superposition jvP) = a|0) + 
f3\(p) with |ap -I- |/3p = 1 obeys the upper and lower 
bounds 

m^Ci^') < \a\'C{<P) + \f3\'C{ip) + 2\aPWl-S^ 

m^C'i^') > iH'Ci^) - \P\'Ciip)\ - 2\ap\Vl-S^ 

(14) 



where S = max (|C(</.) - |(<^|^)||, \C{ip) - |(0|^)||). 

Proof. We first realize that C(^'') ^ | (^'Ictj^^CTj^I*') | = 
K^'jo-j, (g) o-j^|^')|/||vI'|p, then proceed exactly as before 
using dni) instead of ([H]). □ 



III. SYSTEMS OF ARBITRARY DIMENSION 

Although the concurrence was initially introduced to 
measure the entanglement of a pair of qubits, it has since 
been generalized to pairs of quantum systems of arbitrary 
dimension d. The first generalization, based on the no- 
tion of conjugations, is due to Uhlmann @ . However, this 
approach was later shown to lead to a definition of con- 
currence that cannot serve as a basis for a general mea- 
sure of entanglement [tJ . We will thus use in what follows 
the definition of the generalized concurrence introduced 
by Rungta et al. 0, sometimes known as I- concurrence. 
This definition makes use of a superoperator called the 
Universal Inverter^ which naturally extends the idea of 
spin flip to c?-dimensional quantum systems or qudits (the 
extension of the spin flip to more than 2 dimensions had 
also been studied in the context of the reduction criterion 
for separabihty in Refs. [1, [1]). On a qudit state p, the 
action of the Universal Inverter is given by 

Sd{p) = MI ^ p) (15) 

where Vd is a positive constant. Thus, the Universal In- 
verter maps a pure qudit state \^) onto a multiple of 
the maximally mixed state in the subspace orthogonal 
to 1^*). As argued in Q, in order to have a meaningful 
definition of the concurrence, consistent with the expres- 
sion of the concurrence for qubits, one should choose the 
scaling factor Vd equal to one. However, Vd is sometimes 
chosen equal to l/(ci — 1) [l3|, and we will briefiy discuss 
this possibility at the end of this section. With Vd — 1, 
as we assume in what follows, the Universal Inverter is a 
trace-increasing positive superoperator, which preserves 
Hermiticity. The corresponding generalized concurrence 
for a bipartite pure state \^) of d-dimensional quantum 
systems is given by 

c(*) = ^mSd®Sdmm\'^) (16) 

Let us now briefly state some useful properties of the 
superoperator Kd = Sd ® Sd with Vd = 1, as defined in 
Refs. [1, Q), since they will be used repeatedly in what 
follows. Since the Universal Inverter is a positive opera- 
tor which preserves Hermiticity, so is Ad. Nevertheless, 
Kd is not completely positive. In fact, one can prove 
that it can be decomposed as a completely positive map 
A^-'^ supplemented with the transpose - or time reversal 
- map T, i.e., Kd = K^^T [oj. Its action on an arbitrary 
operator a is given by 

Ad{a)=Tr{a)I(»I~aA<»I-I<»<JB+cr (17) 
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where a a = TrB(iT) and (Jb = Tr^i (cr) are the reduction 
of the operator a on A and B respectively [1, Q . The 
map Kd is trace-increasing as 

Tr(Ad(a)) = (d-l)2Tr(a) (18) 

Finally, one can easily check that expressions such as 
Tr(pAd (cr)) are symmetric with respect to the inter- 
change between a and p, that is, 

Tr{pKd{(T)) = Tr(c7Ad(p)) (19) 

Now, coming back to the generalized concurrence in 
dimension d, we note first that by expressing relation (jl7p 
in the case of a pure state a — we can rewrite 

the concurrence as 

C{^) - ^2(1 - Tr(p^)). (20) 

Henc e, the conc urrence ranges from for separable states 
to \/2{d — l)/d for maximally entangled ones. Next, to 
address the problem of the concurrence of superpositions, 
we can plug Eq. ([1]) into the definition (fT6|) of the concur- 
rence, or actually the square of the concurrence (to get 
rid of the unnecessary square root). We can develop this 
expression, resulting in a simple yet lengthy summation 
over 16 different terms. Out of these 16 terms, many 
are identical as can be proven using relation (|19|) . For 
example, 

ma{\4>)m<t>) = '^mmd{\4>)m 

= Tr(|0)(<p|A,(|<^)(0|)) 

= (^|Arf(|0)(0|)|0) (21) 

In addition, one can also show that ((/)|Ac;(|(/)) (</j|)|</j) = 
{ip\Kd{\4') {4'\)\(p) holds, as well as its counterpart 
{^\KM{M4>) = {cl)\Kd{W){^\)\4>)- To do so, first de- 
velop both sides using the expression ([T7]) for A^, write 
and \ip) in a given basis, say the Schmidt basis of 
for simplicity, and then prove that all four terms are 
identical. We finally obtain a general expression for the 
square of the concurrence of a superposition state, 

C\^) = \a\^C\(p) + m'C^iif) + 4|a/3|2(^|A,(|0)(0|)|<^) 

+ 2|a|2(a*/3(0|A,(|0)(</>|)|^)+a/3*(^|A,(|^)(0|)|^)) 

-l-2|/3|2(a*/3(0|A,(|^)(^|)|^)+ar(^|A,(|^)(^|)|0)) 

+ {{a*pfmMmW) + (ar)^(¥>|A,(|</>)(^|)|0)) 

(22) 

A. Biorthogonal states 

When the two component states |0) and \ip) are 
biorthogonal, that is, when 

Tr^(TrB(|0)(</'|)TrB(|^)(^|)) = O 
TrB(TrA(|</))(<;6|)Tr^(|^)((^|)) = (23) 



an exact expression for the entanglement of a superpo- 
sition can be derived based on the entanglement of for- 
mation, see Ref. [l|. As stated in the following theorem, 
one can also find an exact value for the concurrence of 
the superposition. 

Theorem 1: Biorthogonal states. If |0) and 
satisfy conditions ([23|l and if |ap + |/3p = 1, then the 
concurrence of the superposition l^*) — a\4>) + j3\Lp) is 
given by 



cm = v/|a|4C2(^) + |/3|4C2(^)+4|a/3|2 (24) 

Proof: In addition to conditions ([^5]) . we also note 
that the reductions on A and B of the operators \4>){f\ 
and |'/')('/'| are equal to zero. Hence, one can easily 
check, using relation p?)) . that all the terms of ((22)) are 
zero except from the first three. The equality follows 
from the fact that {(p\Kd{\(t)) {4)\)\f) — 1 when the states 
are biorthogonal [as can be checked by Eq. (fT7)) again] . □ 



B. Orthogonal states 

Let us now consider the less restrictive case of \<j}) and 
\lp) being orthogonal but not necessarily biorthogonal. 
As we will prove in the next theorem, one can derive a 
simple upper bound which nicely generalizes the upper 
bound ^ that wc had found for qubits. 

Theorem 2: Upper bound. Let Alice and Bob each 
have a qudit, and let \(j)) and \ip) be orthogonal states, 
the concurrence of the superposition |^) = a\(j)) -t- j3\Lp) 
with |ap -f |/3p = 1 satisfies 

cm < \a\'C{<P) + m'C{^) + 2\aP\ (25) 

Proof: First, remember that the map A^, while it is 
not completely positive, can be written as the transpose 
map T followed by a completely positive map A^^, i.e. 
Ad = A^^T. Since A^^ is completely positive, it has an 
operator-sum representation based on a set of operators 
{Afc}. Hence, for an arbitrary operator cr, the action of 
Ac; can be written as 

A,(a)=ACP(r(a))=5]A,a^4 (26) 

k 

where the operators Ak satisfy J^k ^^^1 — 1)^-^ a*^" 
cording to (|18p. We can now make use of this decompo- 
sition to bound the different terms of ([^^ . Considering 
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((/>|A(i(|(/3)(0|)|(^), for example, one can prove that 

|(</.|A,(|^)(0|)|^>| = \Y,{MkW){v*\AlW)\ (27) 

k 

<Y,mAkW)\M\Alw)\ 

k 



< 



= C(0)C((p) 

where in the first line we have made use of relation 
and expressed the transposition in a fixed basis of the 
operator as (|(^)((/)|)^ = \(j)*){ip*\. The second and 

third lines follow respectively from the triangle inequal- 
ity and Holder's inequality (see e.g.[ll[). The last two 
equalities result from Eq. ((26|) again and the definition 
of the concurrence of and \(p). We can repeatedly use 
the same argument on the other terms and prove 



I(^|A4I0>(0I)I0> 

MA,{\^){^\M 



< c{^)V{^\Adm{<i>\M 

< C{^)y/{ip\A,mm^) (28) 



Finally, all we need to do is to bound C^(^') by the sum 
of the modulus of each of the terms of (|22|) , then bound 
each term individually by use of the previous relations. 
This gives 



C\^)<{\a\^C{^) + \P\^C{ip) 



+ 2|a/3|V(¥'|Ad(|0)(0|)H (29) 



The conclusion follows from the value of (iy9|A(;(|0) ((/)|)|(^), 
which can be bounded using (|17|) . that is, 

{v\A,{\cj^){<j>\M = 1 - Tr^(p^p^) - Ti-Bip^p^) 

< 1 (30) 

where p^^^ = TrB.^(|(/.)(0|) and p^^^ = TrB.A{\v){v\)- 
□ 

Let us make a few comments at this point. First, it is 
interesting to see how the structure of our upper bound 
closely resemble the one derived for the entanglement of 
formation in [l| . Both bounds are the sum of two terms: 
the first one is the average of the entanglement of \(j)) and 
\ip) (up to a factor), and the second one is a function of a 
and P only, which takes its maximum value when a — (3. 

Another comment we should make is related to the def- 
inition of the I-concurrence. Although the upper bound 
resembles much the bound that we have derived for 



qubits, Eq. ([9]), the third term lacks the correction factor 
in S that we had deduced from ([S]). To understand this 
difference, remember that the Universal Inverter is de- 
fined up to a scaling factor i^d- As noted in Ref. f?\, the 
definition of a generalized measure of entanglement such 
as the concurrence requires I'd to be independent of the 
dimension, otherwise the concurrence could be changed 
simply by adding an extra dimension that is not used 
to one of the subsystems. Unfortunately, this leads to 
a Universal Inverter which is not trace-preserving, and 
with the choice = 1, the condition ([5]) becomes 



^{^\Admm^) <Vid-iv-s^ (31) 

This bound becomes useless whenever d > 2, which 
explains the discrepancy between ^ and If, on 

the other hand, we had chosen — l/{d — 1) to make 
the Universal Inverter trace-preserving (at the expense 
of an ill-defined I-concurrence), relation ^ would still 
be valid for d > 2 and our upper bound (O would hold 
regardless of the dimension. Thus, with respect to our 
chosen definition of the I-concurrence, our upper bound 
for qudits is consistent with the bound we had previously 
derived for qubits. 

Let us now derive a lower bound for the concurrence 
of the superposition of orthogonal states, generalizing 
the bound obtained for qubits, Eq. (fTO|) . To do so, a 
natural approach would be to start again from Eq. (j22p . 
apply the inverse triangle inequality to separate between 
the first three terms, which are always positive, and the 
rest of the expression, which can take negative values. 
This negative part could then be upper bounded by 
repeated uses of the triangle inequality, followed by the 
introduction of relations (|28p to bound the norm of each 
term separately. Unfortunately, this approach would 
lead to a rather bad and complicated bound. However, 
as stated in the next theorem, one can nevertheless 
find a simple yet meaningful bound by use of different 
approach. 

Theorem 3: Lower bound. Let Alice and Bob each 
have a qudit, and let \(/)) and \ip) be orthogonal, the con- 
currence of the superposition jvP) = a\(p) + P\if), with 
lap + = 1 satisfies 

C{^)>\\a\^C{^)-\/3\^C{v)\-2\al3\{l+6) (32) 
where <5 = min(|^|C(^), If |C(0)). 

Proof: First, we note that Eq. ^ can be rewritten as 



I*) 



(33) 



Next, we make use of the fact that the bound ([291) was 
derived based solely on the properties of the map A^ and 
on the normalization condition H^I'll = 1. We did not 
make explicit use of the orthogonality of \(f>) and \ip), 
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neither did we use the condition |ap + = 1 in the 
derivation. It foUows that the bound can be apphed 
to Eq. ((331), that is, 

1 



C(0) < Yl^Ci^) 



from which we deduce 



a 



^CM-2|/3|V(^|A,(|^)(^|)|*) 

(34) 



Furthermore, we can plug Eq. ([T|) into (^jAdd^?) (93|)|^) 
in order to bound the last term of the right-hand side of 
Eq. dSll), that is. 



{mM{^\m^H'{cb\A,{\^){^m 

+ \p\'{^\AM{^\M 

< {\aW{cb\AM{^m + mcif))' 

<{\a\ + \P\Ci^)y (35) 

where we have bounded the real part of the complex num- 
ber by its modulus and used the third relation of ([28]) to 
obtain the first inequality. The last line follows directly 
from Eq. ^U^j. Thus, we get 



C(*) > |apC(0) 



'C{v)~2\am + \-\Ci^)) 



(36) 



Alternatively, we can express \(p) as a superposition of 
and |(/)) instead of starting from Eq. (I33p . which would 
result into the dual relation 
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FIG. 2: Concurrence of |*) = a\(j)) + l3\<fi), with and \<fi} 
as defined in the text. The dotted line is the exact value of 
C(4'), while the two solid lines correspond to the upper and 
lower bounds derived from relation ((25} and (|32p . 



In Fig. [21 we illustrate the upper and lower bounds for 
the case of two orthogonal component states in dimension 
d ~ 10, namely 



1 ^ 

- y \h 



ij=0 
9 



(40) 



C(v&) > |/3pC(<^) - |apC(0) - 2\aP\{l + |-|C(0)) 



(37) 



Combining these two bounds 



mg 



that 



a 



'Civ) 



and 
> 



([57)1 and notic- 
is equivalent to 



If |C((^) < \f\C{(t)) leads to the conclusion. □ 

We do not know whether Eq. ([5^ is the best possi- 
ble lower bound, and suspect that a more appropriate 
expression, if it exists, would probably have the correc- 
tion factor S equal to zero as it would then generalize 
the bound obtained for qubits. Nevertheless, our bound 
has the desired shape and is close to this guessed optimal 
when S is small, that is, when the concurrence of one of 
the superposed state is small, or when the superposition 
is strongly unbalanced, i.e. \a\ » \(3\ or \(3\ :s> \a\. As a 
last comment, let us note that this lower bound is useful 
(i.e., provides a value above zero) whenever 



C(0)>3|^|2C(^) ■ 



2|-| or 

a 



C(v.)>3|^pC(0)-f2|^| 



(38) 
(39) 



In general, we notice that the bounds in high dimensions 
are less constraining than for d — 2. This is natural as for 
a larger dimension, the set of states with a given value of 
the concurrence gets larger, hence the range of possible 
values for the concurrence of the superposition of two 
states with a fixed concurrence becomes wider. 



C. Arbitrary states 

Let us show finally that the previous theorems can 
be nicely generalized to the completely general situ- 
ation of the component states and \(p) being arbitrary. 



and \ip) be 
2 = 1, the 



Theorem 4: Arbitrary states. Let 

normalized but arbitrary, and let jap -t 
concurrence of l^*'), the normalized version of the super- 
position I'?) = q;|(/)) + f3\(p), satisfies 



|«'|PC(«'') < \a\^Ci(j)) + 
|*||2C(*') > \\a\^C{(f>) ~ 
-2|a/3|(v/r4 



\P\'C{v) + 2\af3\^- 
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where5 = mm(|^|C(^),|||C(0)). 

Proof: First, we note that ||^'||'^C2(^'') = 
(vI'|Ad(|*)(*|)|*). Next, we remember that the deriva- 
tion of Theorems 2 and 3 was mostly based on the prop- 
erty of the map Ad only, for a normalized state j^*). In 
particular, Eqs. ([29|) and ([34]) as well as the dual of the 
latter equation were derived without explicitely assum- 
ing 10) and to be orthogonal. One can thus easily 
check that these inequalities hold provided that C(\l/) is 
replaced by |i^'||2C(*')- Furthermore, when \{4>\ip)\ ^ 0, 
Eq. ([50]) should be replaced by 

as can be deduced from (fT7|) . Combining these relations 
directly leads to the conclusion. □ 



IV. CONCLUSION 

We have investigated the concurrence of the quantum 
superposition of two bipartite pure states in arbitrary 
dimension. The concurrence being an entanglement 
measure that is distinct from the entanglement of 
formation in dimensions higher than 2, our study 
complements that of Ref. [ij. We have derived simple 
relations between the concurrence of the superposition 



state and the concurrence of its two component states. 
When the scalar product of these two states is known, 
our method provides both a lower and an upper bound 
on the concurrence of the superposition state. These 
bounds take particularly simple forms when this scalar 
product is zero, i.e., when the two component states 
are orthogonal. In dimension 2, we have checked that 
our upper bound is typically tighter than the bound 
of Ref. Finally, in the special case where the 

component states are biorthogonal, we have derived an 
exact expression for the concurrence of the superposition. 
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Note: While completing this work, a related paper 
on the entanglement of quantum superpositions has ap- 
peared, where the generalization to a multipartite setting 
and an arbitrary entanglement witness is considered . 
Some of the results obtained there are in perfect agree- 
ment with ours. 
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